Report on tilted algebras
Let A be a hereditary algebra.
In this case, it is rather easy to check whether a given module is a tilting module. Namely, T A is a tilting module if and only if Ext](TA,TA) = O, and the number of (isomorphism classes of) indecomposable direct summands of T A is equal to the number of simple A-modules. Now let T A be a tilting module. We consider the following two full subcategories: T(TA) will denote the full subcategory of all modules generated by T A.
Note that a module X A is generated by T A if and only if Ext~(TA, Consider now the tilted algebra B = Emd(TA). In MB, there is a splitting torsion theory (X,V) such that X is equivalent, as a category, to F(TA) , and Y is equivalent to T(TA). In fact, the functor HomA(BTA,-) has as image just F, oo11~, ~I'AJ / ~4 ; x~; ..""~', .. ./~, o1.~, , '..'. y~ / " "-.~ ~ "." 9 :':'."~ o~
and its restrictions to T(TA) furnishes an equivalence T(T A) ---+ F, as Brenner
There is a rather useful criterion in order to decide that an algebra B is a tilted algebra. Namely, assume that the Auslander-Reiten quiver F(B) of B has a component C which contains no oriented cycles, such that any module in C is of the form -np for some n C JN and some projective module P (then C may be A very special kind of a tilting module is the slice module of a finite complete slice in a component C of F(B) which contains all indecomposable projective modules.
Recall that a set U of modules in C is said to form a complete slice provided the following three conditions are satisfied (i) For any X in C, there exists a unique module of the form TZx with z E Z which belongs to U.
(ii) If X ~ > X 1 ---+ ... ---+ X r is a chain of non-zero maps and indecomposable modules, and both Xo,X r belong to. U, then all X i belong to U.
(iii) There is no oriented cycle Uo ---+ U 1 ----+ ... ---+ Ur ---+ Uo of irreducible maps with all U. in U. i
Note that the endomorphism ring of the slice module of a finite complete slice in a component which contains all indecomposable projective modules always is hereditary. In case we start with a complete slice in the preprojective component of a hereditary algebra A, say with slice module UA, and B = End(U A) , then we will say that B is obtained from A by an admissible change of orientation.
Such a change of orientation can be established also by a sequence of the following operation: Let P(1),...,P(n) be the indecomposable projective A-modules, and n assume P(1) is simple. Let UA= ~-Ip(1) $ ~ P(i). Then U A is the slice module $=2 of a complete preprojective slice, and the qulver of End (UA) is obtained from that of A by reversing all arrows involving the point P ( We note the following consequence:
In case the underlying graph of the quiver of A is a tree, then we can construct all possible tilted algebras End(TA In fact, the proof of the proposition provides an inductive procedure in order to obtain all these algebras. Thus, if T A has no non-zero preinjective direct summand, the same is true for TTA, and therefore all preinjective modules are in T(TA). Conversely, assume T(j) is an indecomposable preinjective direct summand of T. Since A is connected and of infinite representation type, T(j) is not projective, thus TT(j) is non-zero.
It is a preinjective module with Hom(rT(J)A,TTA) # O, thus does not belong to T(TA).
Proof of the proposition: The second assertion is an immediate consequence of the previous lemma. Let us now prove the first assertion by induction on the number n of simple A-modules. For n = I, there is just one tilting module. Now let A be an algebra with n > ! simple modules, let P(1),...,P(n) be the indecomposable projective A-module.
First, let us construct all tilting modules with a non-zero projective direct summand. For any non-empty subset I c {],...,n}, let P(1) = 0 P(i). Note that iEl there exists an idempotent e(1) of A such that P(1) ~ Ae(1). Let A(I') = A/<e>, with <e> the twosided ideal generated by e. Consider MA(I, ) as the full subcategory of M A of all modules X A satisfying HomA(P (1) However, the dimension vectors of the indecomposable direct summands of a tilting module generate Go(A) Q Q. This shows that a tilting module has an indecomposable summand which is preprojective or preinjective.
Assume now that T A is a multiplicity free tilting module and contains a nonzero preprojective direct sum~and. Then there is n E ~ such that TnT has a nonzero projective direct summand, but TiT has no non-zero projective direct summand, for all i < n. Then ~nT also is a tilting module and End(TA) ~ End(rnT). Thus we can assume that T A = eA 9 T' for some non-zero idempotent e and a module T' without non-zero projective direct summands. Then HOmA(eA, ~-IT') = O, thus T-IT '
is an A/<e> -module, and in fact an A/<e>-tilting module. Since there are only finitely many A/<e>-tilting modules, there are only finitely many multiplicity-free tilting modules T A with a non-zero projective direct summand.
Similarly, there are only finitely many multiplicity-free tilting modules T A with a non-zero injective direct summand, and this gives all basic algebras which occur as endomorphism rings of tilting modules with a non-zero preinjective direct summand.
If A is a hereditary algebra, we denote its quadratic form on G (A) by q. (iii) There exists a simple homogeneous module which belongs to T(TA).
(iv) All homogeneous modules belong to T(TA).
(v) If R is indecomposable and regular, and q(di__mm R) = O, then there exists i with TIR in T(TA).
(vi) All preinjective modules belong to T(TA).
(vii) T A has no non-zero preinjective direct summand. 
Of course, we also have ExtI(T',TJ+|R) = O, since T' is preprojective and TJ+]R is regular. Thus Ext|(T,TJ+]R) = O, and therefore TJ+IR 6 T(TA).
(iv) ~ (ii): Let S be a simple homogeneous module. Now, no indecomposable regular module with regular composition facto~ S can be in add TA, since Ext](S,S) # O. Note that Hom(X,S) # 0 for a module X, implies that X has an indecomposable direct summand which is either preprojective or regular with regular composition factors S. Since S is generated by TA, we conclude that T A has an indecomposable preprojective direct sunmnand; in particular, there exists an indecomposable preprojective module X in [(TA). Now, given X indecomposable preprojecrive and in T(TA) , we want to construct an indecomposable preprojective module X' in T(T A) with a non-zero and non-invertible map X--+ X'. Note that Extl(S,X) = D Hom(X,rS) # O, since S ~ TS satisfies Hom(P,S) # 0 for all indecomposable projective modules P, and X ~ T-nP for some n E ~, and some P. Let (*) 0 ---+ X ~ E P~ S ---+ 0 be a non-split exact sequence. No direct summand of E can be isomorphic to S, since otherwise the sequence would split. Thus E has to be preprojective. Also, with X and S also E 6 /(TA). Thus, for X' we may take any indecomposable direct summand of E. (iii) There exists a simple homogeneous module which belongs to F(TA).
(iv) All homogeneous modules belong to F(TA).
(v) If R is indecomposable and regular, and q(dim R) = 0, then there exists i with TIR in F(TA).
(vi) All preprojective modules belong to F(TA).
(vii) T A has no non-zero preinjective direct summand.
Proof. The proof is similar to the previous one, again the implications (ii) (i), (iv) ~ (iii) and (v) ~ (iv) are obvious, and the equivalence of (vi) and (v) follows from (2.2). (iv) ~ (ii): Let S be simple homogeneous. Since S 6 F(TA), we know that S is cogenerated by TT A , and this immediately implies that TT A has an indecomposable preinjective direct summand, which clearly has to belong to F(TA). Now, given any indecomposable preinjective module X 6 F(TA). Then ExtI(X,S) # 0, since S is homogeneous, and X preinjective, thus consider a non-split extension.
Clearly E has to be preinjective and to belong to F(TA). In this way, we construct inductively infinitely many indecomposable preinjectlve modules in F(TA).
Let X be indecomposable preinjective and in F(TA) , and Y is indecomposable l in F(TA) , and assume then is given a map f: Y--+ X such that EXtA(BTA,f) is ir- Proof. We may consider the Auslander-Reiten quiver P(A) of A as a subset of ~A , the elements of ~A being indexed as follows: n n
We will use, as in [3] , rectangles of the form q(z,r) = {(z''r')Iz+r-nJz'<z ' z+l~z'+r'jz+r} for some fixed (z,r) E ~A, and will call q(z,r) the rectangle ending at (z,r), or starting at (z+r-n,n-r+l), and also write (z+r_n,n_r+l)q stead of q(z,r)
The importance of these rectangles lies in the following facts: let composable representations of A. Then We see that from any T-orbit of ~An, at most one element can be of the form t(j), thus, since there are precisely n different t(j), it follows that {r(j)ij} is a complete slice.
Let us classify now all tilting modules TA, for A = A(n) the path algebra 
